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Abstract The phonon dispersions and vibrational density

of state (VDoS) of the K2SiSi3O9-wadeite (Wd) have been

calculated by the first-principles method using density

functional perturbation theory. The vibrational frequencies

at the Brillouin zone center are in good correspondence

with the Raman and infrared experimental data. The

calculated VDoS was then used in conjunction with a

quasi-harmonic approximation to compute the isobaric heat

capacity (CP) and vibrational entropy (S0
298), yielding

CP(T) = 469.4(6) - 2.90(2) 9 103 T-0.5 - 9.5(2) 9

106 T-2 ? 1.36(3) 9 109 T-3 for the T range of 298–

1,000 K and S0
298 = 250.4 J mol-1 K-1. In comparison,

these thermodynamic properties were calculated by a sec-

ond method, the classic Kieffer’s lattice vibrational model.

On the basis of the vibrational mode analysis facilitated by

the first-principles simulation result, we developed a new

Kieffer’s model for the Wd phase. This new Kieffer’s

model yielded CP(T) = 475.9(6) - 3.15(2) 9 103 T-0.5

– 8.8(2) 9 106 T-2 ? 1.31(3) 9 109 T-3 for the T range

of 298–1,000 K and S0
298 = 249.5(40) J mol-1 K-1, which

are in good agreement both with the results from our first

method containing the component of the first-principles

calculation and with some calorimetric measurements in

the literature.

Keywords First-principles simulation � Heat capacity �
Kieffer’s lattice vibrational model � K2SiSi3O9-wadeite �
Vibrational density of states

Introduction

The K2SiSi3O9-wadeite phase (Wd) was first synthesized

by Kinomura et al. (1975) and crystallographically inves-

tigated by Swanson and Prewitt (1983; space group P63/m).

As part of the breakdown product of the orthoclase com-

position (KAlSi3O8) at high pressures (P), the Wd phase

was shown to coexist with kyanite and coesite/stishovite in

the P range of about 5–10 GPa (Urakawa et al. 1994; Yagi

et al. 1994; Akaogi et al. 2004; Yong et al. 2006; Liu et al.

2010; Chang et al. 2013). For other compositions such as

the K-amphibole (K2CaMg5Si8O22(OH)2) and K-richterite

(KNaCaMg5Si8O22(OH)2), the Wd phase was demon-

strated to be a stable phase at pressures higher than 10 GPa

(Inoue et al. 1998; Trønnes 2002). As proposed by

Kinomura et al. (1975), therefore, the Wd phase is a potential

phase which bears important geophysical implications to the

subduction process of the continental crust materials (Liu

et al. 2012). To thermodynamically discuss the stability of the

Wd phase, its thorough and accurate knowledge on the

thermochemical properties are needed.

The Wd phase has a special crystal structure (Fig. 1),

with one quarter of the Si atoms in 6-coordination (SiVI) and

the rest three quarters in 4-coordination (SiIV; Kinomura

et al. 1975): The parallel layers of the three-membered rings
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(Si3O9) of the SiO4 tetrahedra arrange in an ABAB…
stacking sequence along [001] to form the framework

structure, the octahedrally coordinated Si atoms serve as

bridges to link the rings, and the large K atoms occupy the

cages between the layers of the rings (Swanson and Prewitt

1983). Using infrared and Raman spectroscopy, Geisinger

et al. (1987) investigated the vibrational features of the Wd

phase and found that it was difficult to assign the vibrational

modes to the motions of any specific structure units. With

the Kieffer’s lattice vibrational model (Kieffer 1979a, b, c,

1980), they went further to estimate the isobaric heat

capacity (CP) and vibrational entropy at standard pressure

(S0
298), which unfortunately were not in any good agreement

with later differential scanning calorimetry measurement

(Fasshauer et al. 1998) or thermal relaxation measurement

(Yong et al. 2008): Their vibrational entropy result was

about 20 % smaller than that determined by Yong et al.

(2008). Geisinger et al. (1987) only considered the

observed Raman and infrared peaks in constructing their

vibrational density of states (VDoS). Further, they did not

carry out full and accurate peak assignment to their

Raman and infrared spectra. In addition, they were facing

difficulty in estimating the anharmonic effect on the heat

capacity since accurate thermal expansion and compres-

sion data were not available at that time. These factors

eventually led to large uncertainty in the calculated heat

capacity, particularly at low temperatures (T; Fasshauer

et al. 1998). Recently, Chang et al. (2013) employed

in situ high T/P experimental techniques to investigate the

thermal expansivity and compressibility of the Wd phase.

Detailed vibrational spectroscopy study is still unavailable

though.

In this study, we collected Raman spectra on the Wd

phase synthesized at high pressure by Chang et al. (2013)

and compared them with the results obtained from our first-

principles simulation. With this knowledge, full and

accurate peak assignment has been done for the Raman and

infrared spectra of the Wd phase, and especially, neither

Raman- nor infrared-active vibrational modes have been

determined. Plus the newly determined thermal expansion

and compression data from Chang et al. (2013), we further

revised the Kieffer’s lattice vibrational model from Gei-

singer et al. (1987) and subsequently estimated the CP and

S0
298 values. On the other hand, we also used the VDoS

obtained from our first-principles simulation, in conjunc-

tion with a quasi-harmonic approximation (QHA) (Born

and Huang 1956; Karki et al. 2000; Tsuchiya et al. 2005) to

constrain these thermodynamic properties of the Wd phase.

Computational and experimental techniques

The first-principles simulations were conducted by the

CASTEP code using density functional theory (DFT) (Ho-

henberg and Kohn 1964; Kohn and Sham 1965) and

planewave pseudopotential technique (Payne et al. 1992).

The exchange–correlation interaction was treated by both

the local density approximation (LDA) (Cepeley and Alder

1980; Perdew and Zunger 1981) and generalized gradient

approximation (GGA) with the Perdew–Burker–Ernzerhof

(PBE) functional (Perdew et al. 1996). A convergence cri-

terion of 10-6 a.u. on the total energy was used in the self-

consistent field (SCF) calculations. The same theoretical

techniques were used in our group and found to be powerful

Fig. 1 Crystal structure of the Wd phase (P63/m) viewed down the

[001] zone axis (a) and [110] zone axis (b). Atoms SiIV and SiVI

locate in the tetrahedra (yellow) and octahedra (blue), respectively.

O1 is bonded to two SiIV and two K atoms whereas O2 bonded to one

SiIV, one SiVI and two K atoms. Note the Si3O9 ring made of three

SiO4 tetrahedra by sharing O1. Crystallographic data were from

Swanson and Prewitt (1983). To facilitate later discussion, a Cartesian

coordinate system (x, y and z) has been defined, with the coordinates

of x and y locating in the ring plane and the coordinate z normal to the

ring plane
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in studying the structure and thermodynamics of silicate

minerals (e.g., Liu et al. 2006; Deng et al. 2010, 2011).

More specific to this work, a planewave basis set with a

cutoff of 750 eV was used to expand the electronic wave

functions, and norm-conserving pseudopotential was

employed to model the ion–electron interaction (Lin et al.

1993; Lee 1995). The irreducible Brillouin zone was

sampled by a 3 9 3 9 2 Monkhorst–Pack grid (Monkhorst

and Pack 1976). The effects of using a larger cutoff and k

point mesh on the calculated properties were found to be

insignificant. The initial structure model used in our sim-

ulation was from Swanson and Prewitt (1983). The com-

putation cell contained two K2SiSi3O9 molecules, that is, in

total 30 atoms. Without any symmetric constraint, equi-

librium lattice parameters and internal coordinates were

optimized by minimizing the Hellmann–Feynman force on

the atoms and simultaneously matching the stress on the

unit cell to the target stress.

Based on the optimized structure, the phonon disper-

sions and VDoS of the Wd phase were calculated by

diagonalizing the dynamical matrix whose elements were

obtained using density functional perturbation theory

(DFPT) (Baroni et al. 2001; Refson et al. 2006). The

q-vector grid spacing for interpolation was 0.03 Å-1,

which represented the average distance between the

Monkhorst–Pack q-points used in the dynamical matrix

calculations. For the vibrational frequency calculation, the

tolerance on the energy convergence of the SCF cycles was

set to 10-5 a.u. The phonon dispersions were obtained at

the high symmetry points (G, A, H, K, G, M, L, H). The

coordinates of these points on the surface of the Brillouin

zone were G = (0 0 0), A = (0 0 �), M = (0 � 0), L = (0

� �), K = (�1=32=3 0), H = (�1=32=31=2). The vibrational

frequencies at the Brillouin zone center (C-point) were

used to compare with the Raman and infrared experimental

data. The internal modes were identified by visualizing the

associated atomic motions with the aid of the animation of

computed vibrational modes built in the CASTEP package.

In addition, unpolarized Raman spectra were collected

on polished single crystals of the Wd phase from Chang

et al. (2013) with a confocal micro-Raman system (Reni-

shaw system RM-1000) in a back-scattering geometry at

ambient P–T condition. Raman signal was excited using

the 514.5 nm wavelength of an Ar? ion laser operating at

20 mW. The Raman spectra in the range of 50–1,200 cm-1

were recorded with a counting time of 20 s, 1 accumula-

tion, a slit of 50 lm, and a 20 9 objective. The corre-

sponding spectral resolution was 1 cm-1. Four Raman

analyses were performed on arbitrarily selected large

crystals, and the results were much comparable. The

Raman data were analyzed for the frequencies of the

Raman bands with a Gauss-Lorentzian peak-fitting proce-

dure by using the PeakFit V4.12 software (SPSS Inc.).

Result and discussion

Factor group analysis and Raman spectrum at 1 atm

Factor group analysis was performed by using the method

from Fateley et al. (1972), and the results are given in

Table 1, with the contributions from the atoms K, SiVI,

SiIV, O1, and O2 listed separately. The irreducible repre-

sentation of the vibrational mode symmetry for the space

group P63/m is as following:

C ¼ 8Ag þ 6Bg þ 6E1g þ 8E2g þ 6Au þ 9Bu þ 8E1u

þ 7E2u; ð1Þ

where Ag, Bg, Au, and Bu are nondegenerate, and E1g, E2g,

E1u, and E2u are degenerate. As expected from the centric

space group of P63/m (Swanson and Prewitt 1983), there is

neither coincidence between the Raman and infrared

spectra nor observable LO-TO shifting for the Raman

modes of the Wd phase. Among these optic modes, 22

modes (Ag, E1g, and E2g) are Raman-active, 14 modes (Au

and E1u) are infrared-active, and 22 modes are neither

Raman- nor infrared-active. In addition, there are two

acoustic modes, 1Au and 1E1u. All atom types except the

SiVI contribute to all vibrational species; the motion of the

SiVI contributes to the antisymmetric modes only

(Table 1).

Table 1 Irreducible representations of the Wd phase (P63/m) and

contributions from different atoms

Ag(Ra) Bg E1g(R) E2g(R) Au(IRb) Bu E1u(IR) E2u

Noptic 8 6 6 8 6 9 8 7

Nacoustic 0 0 0 0 1 0 1 0

K 1 1 1 1 1 1 1 1

SiVI 0 0 0 0 1 1 1 1

Ring
(total)c

7 5 5 7 5 7 7 5

SiIV 2 1 1 2 1 2 2 1

O1 2 1 1 2 1 2 2 1

O2 3 3 3 3 3 3 3 3

Ring
(total)c

7 5 5 7 5 7 7 5

Internal
ring

6 4 4 6 4 6 6 4

Ring-R 1 0 1 0 0 1 0 1

Ring-T 0 1 0 1 1 0 1 0

a Raman-active mode
b Infrared-active mode
c All vibrational modes dominated by the displacements of the three-
membered rings comprised of atoms SiIV, O1, and O2 are divided into
three groups: Internal ring vibration modes (Internal ring), ring-rotation
(Ring-R) vibrational modes, and ring-translation (Ring-T) vibrational
modes
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The most prominent feature in Table 1 is that the Si3O9

rings comprised of SiIV, O1, and O2 make significant

contribution to the vibrational spectrum of the Wd phase

(48 modes in total). In contrast, the vibrational modes

attributed to the K and SiVI atoms are only 8 and 4,

respectively. The vibrational modes related to the Si3O9

rings can be divided into two groups: external ring vibra-

tion modes (8) and internal ring vibration modes (40). The

external ring vibration modes can be further divided into

two subgroups: ring-translation modes (4) and ring-rotation

modes (4). The internal ring vibration modes can also be

further divided into subgroups, but the procedure is much

more tricky (see later discussion).

Typical Raman spectrum at room P–T condition is

shown in Fig. 2. In total 19 Raman peaks were observed

in the 50–1,200 cm-1 range, with 15 of them essentially

identical to the Raman peaks observed by Geisinger et al.

(1987). Four weak peaks at 114, 177, 407, and 521 cm-1

were not observed in Geisinger et al. (1987). Among the

19 Raman peaks observed in this study, the two peaks at

938 and 1,011 cm-1 appear somehow asymmetrical, and

both peaks could be attributed to two different vibrational

modes (see later discussion). The only peak which was

not detected by both studies should occur at about

731 cm-1, as disclosed by our later first-principles

simulation.

Vibrational mode calculation

The geometry parameters of the Wd phase obtained from

the first-principles simulation are summarized in Table 2.

Compared with the experimentally-constrained unit-cell

parameters (a, c and V; Swanson and Prewitt 1983), the

unit-cell parameters predicted by the GGA method are

larger (1.21 to 3.71 %), whereas those predicted by the

LDA method are smaller (1.73–3.99 %).

For the K–O bonds, the difference between the GGA

result and experimental measurement (Swanson and Pre-

witt 1983) ranges from 0.95 to 1.33 %, whereas that

between the LDA result and experimental measurement

ranges from 0.86 to 3.47 %. For the SiVI–O bond, the

corresponding differences are 1.33 and 0.86 %, respec-

tively. For the SiIV–O bonds, the corresponding differences

range from 1.11 to 1.28 %, and from 0.35 to 0.76 %,

respectively. In general, the LDA result shows slightly

better agreement with the experimental measurement than

the GGA result.

For the two O2–SiVI–O2 angels within the Si octahedra

and the O1–SiIV–O1 angle, O2–SiIV–O2 angle, SiIV–O1–

SiIV angle, and two O1–SiIV–O2 angles in the Si3O9 rings,

both the LDA and GGA predictions closely match the

experimental measurements. For the SiIV–O2–SiVI angle

between the octahedra and the Si3O9 rings, however, the

difference between the GGA and experimental measure-

ment is 0.08�, much smaller than 1.31�, the difference

between the LDA prediction and experimental

measurement.

The results from the vibrational mode calculation by the

GGA and LDA methods for the Wd phase are listed, along

with the experimental spectroscopic measurements

obtained by Geisinger et al. (1987) and this work, in

Table 3. The calculated Raman peak positions are com-

pared with our experimental observations in Fig. 2. The

agreement between the calculated Raman frequencies by

the LDA method with the experimental measurements is

good, with a maximum difference of 19 cm-1 (peak at

about 369 cm-1) and an averaged difference of 8(5) cm-1.

In contrast, the agreement between the calculated Raman

frequencies by the GGA method with the experimental

measurements is generally poor, with a maximum differ-

ence of 44 cm-1 (peak at about 1,106 cm-1) and an

averaged difference of 22(13) cm-1. The distinct differ-

ence in the performance of the LDA and GGA methods is

mostly due to their different accuracies in reproducing the

SiIV–O bonds (Table 2), which illustrates the importance of

these bonds in the origins of the Raman peaks. We,

therefore, only discuss the vibrational modes calculated by

the LDA method hereafter.

A full assignment of the Raman-active vibrations (22

modes), which was difficult before (Geisinger et al. 1987),

Fig. 2 Typical Raman spectrum of the Wd phase collected at

ambient P–T condition, compared with the first-principles simulation

results. Three sets of short lines below the spectrum denote the peak

frequencies, with the black lines representing the experimental

observation, the red lines the LDA calculation result, and the green

lines the GGA approximation result, respectively. A few extra small

peaks occasionally appeared in some of the Raman spectra and are

ignored in this study. In addition, no apparent LO–TO peak splitting

was observed for any of the major Raman peaks of the Wd phase

566 Phys Chem Minerals (2013) 40:563–574
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has been completed, with the details shown in Table 3. Of

the 19 Raman peaks observed in our spectroscopic exper-

iments, 17 peaks can be confidently related to 17 vibra-

tional modes. The rest two asymmetrical Raman peaks, one

at 938 cm-1 and the other at 1,011 cm-1, can be explained

by the overlap of the vibrational modes of Ag 954 and E2g

941 cm-1 and the overlap of the vibrational modes of E1g

1,017 cm-1 and E2g 1,019 cm-1, respectively. The only

Raman-active mode, which was not detected by the

experimental measurements, is the vibrational mode of E2g

at about 731 cm-1 (LDA).

A full assignment of the infrared-active vibrations (14

modes) has been completed as well, with the details shown

in Table 3. The eight infrared peaks detected by our first-

principles calculation and the experimental measurements

(Geisinger et al. 1987) show good consistency, with only

one exception, the peak at 520 cm-1, which has a calcu-

lated frequency 44 cm-1 lower than the experimentally

obtained value. The six infrared-active peaks (with five

peaks occurring at frequencies lower than 400 cm-1),

undetected by Geisinger et al. (1987), have been assigned

to specific vibrational modes, but they need further infrared

spectroscopic investigation.

In addition, the 22 neither Raman-active nor infrared-

active modes have also been assigned to specific

vibrational modes (Table 3). The existence of this large

number of inactive vibrational modes for the Wd phase has

significant effect on the density distribution of the vibra-

tional modes in the Kieffer’s model, which certainly affects

the isochoric heat capacity (CV) estimate (see later

discussion).

In the structure of the Wd phase, the atomic displace-

ments include K translation, SiO6 octahedral motion,

external ring motion (ring translation and ring rotation),

and internal ring motions. Due to the interplay of the dif-

ferent structure units, the vibrational modes are always

related to the atomic displacements consisting of multiple

components. Taking the E1g mode at *78 cm-1 as an

example, it includes contributions from the ring rotation

(xy) and the K translation (xy). The eight K translation-

dominant vibrational modes, as predicted by the factor

group analysis (Table 1), appear at low frequencies (from

*107 to 142 cm-1; Table 3). The four SiO6 octahedron

motion-dominant modes (Table 1) have the frequencies of

*442, 476, 569, and 643 cm-1 (Table 3). The external

ring motion-dominant modes also appear at low frequen-

cies: the four ring-rotation-dominant vibrational modes and

four ring-translation-dominant modes occur at low fre-

quencies, from *78 to 261, and up to 179 cm-1, respec-

tively. The internal ring motions include the SiIV–O1

Table 2 Comparison between

experimental and energy-

optimized crystallographic data

of the Wd phase

a Swanson and Prewitt (1983)
b Relative difference

Parameters Experimentala Calculated by the first-principles simulation

GGA R. D.b (%) LDA R. D. (%)

a (Å) 6.6124 (9) 6.6925 1.21 6.4983 -1.73

c (Å) 9.5102 (8) 9.6280 1.24 9.4541 -0.59

V (Å3) 360.11 (7) 373.46 3.71 345.74 -3.99

K-site

K–O1 2.9758 (3) 3.011 1.18 2.936 -1.34

K–O2 2.7908 (4) 2.828 1.33 2.694 -3.47

K–O2 3.0005 (3) 3.029 0.95 2.972 -0.95

K–O1 3.2974 (2) 3.337 1.20 3.269 -0.86

Si octahedron

SiVI–O2 1.7783 (1) 1.802 1.33 1.763 -0.86

O2–SiVI–O2 90.973 (8) 91.116 0.16 91.031 0.06

O2–SiVI–O2 89.027 (9) 88.884 -0.16 88.969 -0.07

Si tetrahedron

SiIV–O1 1.6429 (2) 1.662 1.16 1.633 -0.60

SiIV–O1 1.6596 (2) 1.678 1.11 1.647 -0.76

SiIV–O2 1.5916 (1) 1.612 1.28 1.586 -0.35

O1–SiIV–O1 105.553 (12) 105.780 0.22 105.953 0.38

O1–SiIV–O2 103.983 (5) 103.666 -0.30 103.582 -0.39

O1–SiIV–O2 111.632 (4) 111.678 0.04 111.780 0.13

O2–SiIV–O2 118.579 (8) 118.831 0.21 118.635 0.05

SiIV–O1–SiIV 134.447 (5) 134.220 -0.17 134.047 -0.30

SiIV–O2–SiVI 141.760 (4) 141.644 -0.08 139.910 -1.31
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Table 3 Lattice vibrational modes (in cm-1) from the first-principles simulation for the Wd phase

Mode no. Experimental Calculated Symmetry Mode assignmenta

LDA GGA

Q1 0b 0b Au (acoustic) Ring-T (z) ? K-T (z) ? SiO6-T (z)

Q2 0 0 E1u (acoustic) Ring-T (xy) ? K-T (xy) ? SiO6-T (xy)

Q3 92b 95c 78 99 E1g (R) Ring-R (xy) ? K-T (xy)

Q4 107 105 Bg K-T (z)

Q5 110 97 E2u K-T (xy)

Q6 114 119 111 E2g (R) K-T (xy) ? Ring-T (xy)

Q7 122 119 Au (IR) K-T (z) ? Ring-T (z) ? SiO6-T (z)

Q8 121 123 124 126 Ag (R) K-T (z)

Q9 135 118 E1u (IR) K-T (xy) ? Ring-T (xy) ? SiO6-T (xy)

Q10 138 137 Bu K-T (z)

Q11 137 138 142 126 E1g (R) K-T (xy) ? Ring-R (xy)

Q12 146 145 Bg Ring-T (z) ? K-T (z)

Q13 177 179 166 E2g (R) Ring-T (xy) ? K-T (xy)

Q14 187 190 E2u Ring-R (xy) ? K-T (xy) ? SiO6-T (xy)

Q15 197 198 206 189 Ag (R) Ring-R (z) ? K-T (z)

Q16 249 249 238 222 E1g (R) m19d ? m1

Q17 244 227 E2u m19 ? m1 ? SiO6-T (xy)

Q18 246 241 Au (IR) m2 ? Ring-T (z) ? SiO6-T (z)

Q19 255 251 E1u (IR) m3 ? m14 ? SiO6-T (xy)

Q20 261 249 Bu Ring-R (z) ? K-T (z) ? SiO6-T (z)

Q21 297 300 290 285 E2g (R) m3 ? m14

Q22 296 289 E2u m4 ? m19 ? SiO6-D (xy)

Q23 320 305 Bg m2 ? Ring-T (z)

Q24 369 370 350 353 Ag (R) m3 ? Ring-R (z)

Q25 363 363 Bu m3 ? Ring-R (z) ? SiO6-D (z)

Q26 407 394 389 E2g (R) m3 ? m14

Q27 398 393 E1u (IR) m3 ? m14

Q28 403 404 377 Au (IR) m1 ? m13 ? SiO6-D (z)

Q29 415 395 Bg m2 ? m13

Q30 440 427 413 E1u (IR) m3 ? m15 ? SiO6-D (xy)

Q31 442 427 Bu SiO6-D (z) ? m6

Q32 448 449 444 426 E1g (R) m1 ? m19

Q33 456 437 E2u m1 ? m19 ? SiO6-D (xy)

Q34 473 476 472 450 E2g (R) m3 ? m15

Q35 520 476 456 Au (IR) SiO6-D (z) ? m2

Q36 521 519 499 E1g (R) m1 ? m19

Q37 547 548 541 516 Ag (R) m3 ? m8

Q38 541 516 Bu m3 ? m8

Q39 572 573 554 540 Ag (R) m9 ? m3

Q40 567 548 Bu m9 ? m3

Q41 570 569 532 E1u (IR) SiO6-D (xy) ? m3

Q42 618 591 Bg m1 ? m13

Q43 644 645 638 614 Ag (R) m10 ? m5

Q44 643 600 E2u SiO6-D (xy) ? m1 ? m19

Q45 652 658 615 Au (IR) m1 ? m13 ? SiO6-D (z)

Q46 713 679 Bu m10 ? m5 ? SiO6-D (z)

Q47 731 702 E2g (R) m16 ? m3
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displacement and SiIV–O2 displacement and dominate the

rest 40 vibrational modes which can be attributed to the O1

atoms (12 modes), O2 atoms (24 modes), and SiIV atoms (4

modes; Table 1). Considering the lengths of the SiIV–O1

and SiIV–O2 bonds (Table 2) and the relative magnitudes

of the SiIV–O1 displacement and SiIV–O2 displacement,

the four modes attributed to the SiIV atoms are mostly SiIV–

O2 displacement-dominant, which leads to 28 SiIV–O2

displacement-dominant modes and 12 SiIV–O1 displace-

ment-dominant modes (Table 3). To describe the internal

ring motions of the O1, O2, and SiIV atoms, we have

defined two labeling schemes, with the first for the SiIV–O2

displacements (m1 through m7; Fig. 3) and the second for

the SiIV-O1 displacements (m8 through m19; Fig. 4).

In the Raman spectrum of the Wd phase there are three

major peaks locating at about 547, 572 and 644 cm-1

(Fig. 2). They are all Ag modes caused by the internal ring

motions and have nothing to do with the SiO6 octahedral

group (Table 3). These peaks were previously ascribed to

an origin either from the symmetric stretching of the SiO6

octahedra or from the internal ring motions (Geisinger

et al. 1987). On the other hand, the motion of the SiO6

groups was tentatively regarded as the contributor to the

strong infrared band at 746 cm-1 by Geisinger et al.

(1987). Our analysis has shown that this infrared peak

indeed contains some contribution from the motion of the

SiO6 octahedra, but also contains significant contribution

from the internal ring motions.

Heat capacity calculation

The isochoric heat capacity of the Wd phase has been

calculated by using two methods. Firstly, the phonon

dispersions and VDoS of the Wd phase were calculated

by the first-principles method using density functional

perturbation theory. The dynamical matrices were com-

puted at 24 wave (q) vectors in the Brillouin zone of the

primitive cell of the Wd phase. We then interpolated the

dynamical matrices to obtain the bulk phonon dispersions.

The predicted dispersion curves along several symmetry

directions and the VDoS are shown in Fig. 5. The results

of the phonon spectra were used to compute the internal

energy (E) and isochoric heat capacity as functions of

temperature. The temperature dependence of the E was

given by:

EðTÞ ¼ Etot þ EZP þ
Z

hx

exp hx
kT

� �
� 1

FðxÞdx; ð2Þ

where Etot was the total electronic energy at 0 K, EZP the

zero point vibrational energy, h the Planck’s constant, k the

Boltzmann’s constant, and F(x) the vibrational density of

states. EZP was evaluated as:

Table 3 continued

Mode no. Experimental Calculated Symmetry Mode assignmenta

LDA GGA

Q48 746 741 708 E1u (IR) m16 ? m3 ? SiO6-D (xy)

Q49 938 939 941 897 E2g (R) m6 ? m17

Q50 952 901 Bu m11 ? m6

Q51 938 939 954 903 Ag (R) m11 ? m6

Q52 988 989 944 E1u (IR) m6 ? m17

Q53 1,011 1,012 1,017 972 E1g (R) m7

Q54 1,011 1,012 1,019 979 E2g (R) m18 ? m6

Q55 1,032 991 E1u (IR) m18 ? m6

Q56 1,035 1,039 998 Au (IR) m7

Q57 1,054 1,013 Bu m6 ? m12

Q58 1,072 1,029 E2u m7

Q59 1,106 1,108 1,101 1,062 Ag (R) m6 ? m12

Q60 1,203 1,160 Bg m7

a Displacements arranged in the order of magnitude. T translation, R rotation, D deformation. (z) after T or D means the translation or

deformation generally parallel to the z-coordinate whereas (xy) after T or D means the translation or deformation mostly occurring in the xy plane

(orientation of the x, y and z shown in Fig. 1). (z) after R means the rotating axis generally parallel to the z-coordinate whereas (xy) after R means

the rotating axis almost confined in the xy plane
b This work. Our results suggest that no LO-TO shifting for the Raman modes exists, and no significant LO–TO shifting for the infrared modes

appears
c Geisinger et al. (1987)
d Components used to describe the vibrational modes of the C3h-symmetry Si3O9 rings (m1–m19) are sketched in Figs. 3 and 4
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EZP ¼ 1

2

Z
FðxÞhxdx: ð3Þ

The lattice contribution to the CV was given by:

CVðTÞ ¼ k

Z ðhx
kT
Þ2 expðhx

kT
Þ

ðhx
kT
Þ2 � 1

h i2
FðxÞdx: ð4Þ

The result of the CV calculated by this method, which

contained a component of the first-principles simulation, is

shown in Table 4.

Secondly, the CV of the Wd phase was calculated by the

Kieffer’s lattice vibrational model (Kieffer 1979a, b, c), as

Geisinger et al. (1987) did before. Using rather simplified

density state for phonon dispersion, the Kieffer’s model is a

convenient and comparable method to the calorimetric

measurement in estimating the heat capacity of certain

substances (Kojitani et al. 2012, 2013). Due to the

unavailability of the data about the Raman-inactive and

infrared-inactive vibrational modes and the data of the

infrared-active vibrational modes at frequencies below

400 cm-1, the Kieffer’s model used by Geisinger et al. was

simplified to include two optic continua only, with the first

extending from 95 to 746 cm-1 and the second from 939 to

1,110 cm-1. In this study, our first-principles simulation

provided all these once unavailable data, so that the density

distribution of the vibrational modes was rigorously

assessed, which led to a more appropriate Kieffer’s model.

The details of our model and related physical properties

have been tabulated in Table 5 and schematically illus-

trated in Fig. 6. In our model, there were four optic con-

tinua, ranging from 92 to 150 cm-1, from 150 to

300 cm-1, from 300 to 750 cm-1, and from 938 to

1,200 cm-1, These four optic continua, from low fre-

quency to high frequency, contained 15, 17, 37 and 18

vibrational modes, respectively. The frequency range from

750 to 938 cm-1 contained no vibrational mode, so that it

was regarded as a stopping band, as clearly shown by the

Fig. 3 Labeling scheme for the SiIV–O2 displacements (viewed

along the [001] zone axis with some tilting to show the ring). Small

filled circles stand for the SiIV atoms, whereas large empty circles for

the O atoms (O1 and O2). For clarity, every sketch shows one pair of

O2 atoms only, and the remaining Si-O2 displacements around the

ring can be generated by the symmetry operation (C3h). Arrow is

drawn to show the direction of the motion of the atom in the normal

mode only

Fig. 4 Labeling scheme for the SiIV–O1 displacements (viewed

down the [001] zone axis). Small filled circles represent the SiIV

atoms, whereas large empty circles the O1 atoms. Arrow is drawn to

show the direction of the motion of the atom in the normal mode only.

Plus and minus indicate the atomic displacements above and below

the ring plane
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phonon dispersions in Fig. 5. The result of the CV calcu-

lated by this method is shown in Table 4 as well.

Table 4 shows that our CV values obtained by using

these two methods are in good agreement for all

temperatures, with an averaged different of 2.0(8) J mol-1

K-1. In contrast, the CV values obtained by our Kieffer’s

model and that in Geisinger et al. (1987) are very different,

with an averaged difference of 9.8(95) J mol-1 K-1. More

specifically, this difference is negatively correlated to

temperature, being as large as 30 J mol-1 K-1 at 100 K

and gradually reduced to negligible 2.2 J mol-1 K-1 at

800 K.

Isobaric heat capacity (CP) was calculated by adding an

anharmonic effect to the CV obtained from the calculations

done above, using the following equation:

CP ¼ CV þ a2
T K0;T VTT ; ð5Þ

where aT, K0,T, and VT were the thermal expansivity,

isothermal bulk modulus, and volume at 1 atm and T K,

respectively. For the Wd phase, aT = 2.47(21) 9 10-5 ?

1.45(36) 9 10-8 T (Chang et al. 2013). The room-

T equation of state of the Wd phase was recently

Fig. 5 Phonon dispersions and VDoS of the Wd phase (LDA)

Table 4 Results of heat capacity calculations of the Wd phase, compared with those by calorimetric measurements

T (K) Calculated by first-

principlesa
T (K) Calculated by Kieffer’s

modela
T (K) Calculated by Kieffer’s

modelb
T (K) Experimental

CV (J mol-1

K-1)

CP (J mol-1

K-1)

CV (J mol-1

K-1)

CP (J mol-1

K-1)

CV (J mol-1

K-1)

CP (J mol-1

K-1)

CP (J mol-1

K-1)

51 38.9 39.2 (1)c 50 39.8 40.1 (1) 50 23.7 24.1 50 40.98 (27)d

101 98.7 99.4 (1) 100 101.2 102.0 (1) 100 71.2 72.1 100 101.60 (45)d

152 147.1 148.3 (1) 150 148.1 149.3 (1) 150 118.7 119.9 156 155.13 (54)d

202 186.7 188.4 (1) 200 186.0 187.6 (1) 200 161.2 162.9 202 191.72 (77)d

253 218.9 221.0 (1) 250 217.0 219.1 (1) 250 197.3 199.4 242 219.89 (70)d

303 245.0 247.7 (2) 300 242.3 245.0 (2) 300 227.0 229.5 300 248.56 (100)e

354 266.1 269.4 (3) 350 263.1 266.3 (3) 350 251.1 254.1 353 267.98 (100)e

404 283.1 287.1 (5) 400 280.0 283.9 (5) 400 270.6 274.0 403 282.92 (100)e

455 296.9 301.5 (7) 450 293.8 298.5 (6) 450 286.3 290.2 453 292.82 (100)e

505 308.0 313.5 (9) 500 305.1 310.5 (9) 500 299.1 303.3 498 310.15 (0)e

556 317.1 323.4 (12) 550 314.4 320.6 (11) 550 309.4 314.1 553 312.07 (100)e

606 324.5 331.7 (15) 600 322.0 329.2 (15) 600 317.9 323.1 598 325.26 (0)e

657 330.7 338.8 (20) 650 328.4 336.5 (19) 650 325.0 330.5

707 335.9 344.9 (25) 700 333.7 342.8 (24) 700 330.8 336.8

758 340.2 350.3 (31) 750 338.2 348.4 (30) 750 335.7 342.2

808 343.8 355.1 (38) 800 342.1 353.3 (37) 800 339.9 346.7

859 346.9 359.4 (46) 850 345.3 357.8 (45) 850 343.4 350.7

909 349.6 363.3 (56) 900 348.1 361.9 (54) 900 346.4 354.2

950 351.5 366.3 (65) 950 350.6 365.7 (65) 950 349.0 357.3

1,000 353.6 369.7 (78) 1,000 352.7 369.2 (78) 1,000 351.3 360.0

a This work. Two methods used in the calculation: one containing the component of the first-principles calculation and the other employing the

Kieffer’s model. For both methods, experimentally determined thermal expansion coefficient and isothermal bulk modulus of the Wd phase were

involved (Eq. 5)
b Geisinger et al. (1987)
c The number in the parentheses represents one standard deviation in the rightmost digit
d Yong et al. (2008)
e Fasshauer et al. (1998)
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measured by Chang et al. (2013), attaining K0,298 = 97(3)

GPa (its first pressure derivative fixed as 4). The temperature

derivative of K0,T has not been experimentally determined,

thus assumed as zero in our calculation (K0,T = K0,298). VT

at T K was calculated with the following equation:

VT ¼ V298 exp

ZT

298

aT dT

0
@

1
A; ð6Þ

where V298 = 108.432 cm3/mol (Swanson and Prewitt

1983). The calculated CP values are listed in Table 4,

along with the results from Geisinger et al. (1987), from

Fasshauer et al. (1998) and from Yong et al. (2008). Errors

of our CP values were propagated from the uncertainty in

the thermal expansion coefficients and were estimated to be

*0.2–2.1 %, increasing with rising temperature. The

calculated CP data were then expressed using the

following polynomial of temperature (Berman and Brown

1985; T range 298–1,500 K),

CP ¼ k1 þ k2T�0:5 þ k3T�2 þ k4T�3; ð7Þ

where CP was in J mol-1K-1 and T in K. The arrived

fitting coefficients are tabulated in Table 6.

Our calculated CP values are compared in Fig. 7 with

the calorimetric data measured by Fasshauer et al. (1998)

and Yong et al. (2008), and with the estimate using the

Kieffer’s lattice vibrational model by Geisinger et al.

(1987). For the T range of 5–303 K, our CP data show

excellent agreement with those measured by using the

Physical Properties Measurement System (Yong et al.

2008). For the T range of 195 to 598 K, our CP data are in

good agreement with those measured by using the differ-

ential scanning calorimeter (Fasshauer et al. 1998). Since

the Wd phase is not stable at T above 873 K (Swanson

1986; room P), it is not possible to make direct calorimetric

measurement at higher T. The excellent agreement between

our calculated CP and the direct calorimetric measurements

at relatively low T verifies our calculating methods, which

provides us a potential tool to explore the CP values at

relatively high T. What should be kept in mind is the

uncertainty in the extrapolation of the thermal expansion

data to higher T. The CP data calculated from the two

Kieffer’s lattice vibrational models are significantly dif-

ferent in the whole T range. This discrepancy was mainly

caused by the difference in the Kieffer’s models, as out-

lined before. Other factors included the different thermal

expansion data and compression data which were used in

the conversions from CV to CP (for more details, see Chang

et al. 2013).

Entropy calculation

The obtained CP values have been applied to the calcula-

tion of the vibrational entropy at T K using the following

equation

Table 5 Parameters of the new Kieffer’s model and physical prop-

erties of the Wd phase used in the heat capacity calculation

Lower limit

(cm-1)

Upper limit

(cm-1)

Number of

modes

TA1 0 70a 1

TA2 0 76a 1

LA 0 122a 1

OC1 92 150 15

OC2 150 300 17

OC3 300 750 37

OC4 938 1,200 18

Formula weight

(g/mol)

334.56

V298 (cm3/mol) 108.432b

Z 2b

K0,298 (GPa) 97 (3)c

(qKP,T/qP)T 4c

(qKP,T/qT)P 0

aT = a0 ? a1T

(T in K)

a0 9 105 2.47 (21)c

a1 9 108 1.45 (36)c

TA transverse acoustic mode, LA longitudinal acoustic mode, OC

optic continuum
a Geisinger et al. (1987)
b Swanson and Prewitt (1983)
c Chang et al. (2013)

Fig. 6 Updated Kieffer’s lattice vibrational model for the Wd phase.

Boxes represent the optic continua. Vertical lines show the cutoff

frequencies of the transversal acoustic modes (TA) and longitudinal

acoustic modes (LA; Geisinger et al. 1987)
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S0
T ¼

ZT

0

CP

T
dT : ð8Þ

The vibrational entropies at 298 K (S0
298) obtained by the

present and previous studies are compared in Table 7. In

this work, the S0
298 was calculated to be 249.5(40) J mol-1

K-1 by the Kieffer’s lattice vibrational model method and

to be 250.4 J mol-1 K-1 by the method containing the

component of the first-principles simulation. Our results

not only show good internal consistency, but also agree

well with the calorimetric result obtained by Yong et al.

(2008). In contrast, these values are significantly larger

than the estimated value of 232(10) J mol-1 K-1 based on

an internally consistent thermodynamic database by

Fasshauer et al. (1998), suggesting that some of the ther-

modynamic data in their database still need further evalu-

ation and refinement (Chang et al. 2013). Finally, these

values are substantially larger than the S0
298 determined by

Geisinger et al. (1987), and the reasons to this discrepancy

have been fully explained by the preceding discussion.
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